In this paper, we consider one-parameter families of new extrinsic differential geometries on spacelike hypersurfaces in the lightcone. These geometries are constructed by applying two of one-parameter families of Legendrian dualities between pseudo-spheres in Lorentz-Minkowski space. These Legendrian dualities have been recently given as a part of extensions of the mandala of Legendrian dualities in the previous research of the authors.
Introduction
In this paper, we construct one-parameter families of new extrinsic differential geometries on spacelike hypersurfaces in the lightcone. It was shown in [4] that a simply connected Riemannian manifold N with dim N ≥ 3 is conformally flat if and only if it can be embedded as a spacelike hypersurface in the lightcone. It is clearly seen that if an extrinsic differential geometry on spacelike hypersurfaces in the lightcone is studied, then the extrinsic invariants of conformally flat Riemannian manifolds may be obtained. This is one of the main motivations for the study of spacelike hypersurfaces in the lightcone. The lightcone is one of the pseudo-spheres in Lorentz-Minkowski space. The other pseudo-spheres are de Sitter space and Hyperbolic space. Although there are a lot of researches on submanifolds in de Sitter space and Hyperbolic space [2, 6, 7, 8, 9, 10, 11, 14, 19] , there are not so many results on submanifolds in the lightcone. Since the induced metric on the lightcone is degenerate, we cannot define the unit normal vector field by the ordinary arguments for a spacelike hypersurface in the lightcone. In order to avoid this difficulty, the basic duality theorem for four Legendrian double fibrations has been given in [12] . As an application of the basic duality theorem, an extrinsic differential geometry on spacelike hypersurfaces in the lightcone has been presented in [12] . We call this geometry a lightcone flat geometry in the lightcone. We remark that a geometry of spacelike hypersurfaces in the lightcone has been independently constructed by Liu [15, 16] using the different idea from [12] . The Gauss-Kronecker curvature related with the lightcone flat geometry is called lightcone Gauss-Kronecker curvature. In [12] , extra two different curvatures which are called hyperbolic Gauss-Kronecker curvature and de Sitter Gauss-Kronecker curvature of a spacelike hypersurface in the lightcone have been introduced. Here, we call the geometries related with those curvatures a hyperbolic flat geometry and a de Sitter flat geometry in the lightcone, respectively.
On the other hand, the dualities in [12] have been generalized into pseudo-spheres in general semi-Euclidean space in [5] which are called the mandala of Legendrian dualities for pseudo spheres. These Legendrian dualities have been also extended for one-parameter families of pseudo-spheres in Lorentz-Minkowski space in [13] . There are some new applications of such Legendrian dualities. Some basic results on these new applications have been given in [13] . In this paper, as one of the applications of the extended mandala of Legendrian dualities, we construct one-parameter families of new extrinsic differential geometries on spacelike hypersurfaces in the lightcone which include the results of [12] as a special case. Moreover, we construct a φ-de Sitter flat geometry and a φ-hyperbolic flat geometry in the lightcone for φ ∈ [0, π/2]. If φ = 0, both of the geometries are equal to the lightcone flat geometry (i.e., the horizontal geometry). If φ = π/2, the φ-de Sitter flat geometry is equal to the de Sitter flat geometry and the φ-hyperbolic flat geometry is equal to the hyperbolic flat geometry (i.e, the vertical geometries). Therefore, we call each of the φ-de Sitter flat geometry and the φ-hyperbolic flat geometry a slant geometry in the lightcone.
In this paper, we only construct the basic framework on the slant geometry in the lightcone from a contact view point. Other results of this new geometry in the lightcone will belong to the future research projects. Another applications of the extended mandala of Legendrian dualities for spacelike hypersurfaces in Hyperbolic space and de Sitter space will be appeared in the forthcoming paper [3] .
Basic notions
In this section, we give some basic notions related with Lorentz-Minkowski space and the contact geometry. Let R We consider a spacelike hypersurface HL(n, c) in the lightcone LC * defined by
HL(n, c) = HP (n, c) ∩ LC *
, for c = 0. We say that HL(n, c) is a quadric hypersurface (or briefly, hyperquadric) in the lightcone. HL(n, c) is called elliptic, hyperbolic or parabolic if n is timelike, spacelike or lightlike, respectively. These hyperquadrics are the candidates of totally umbilic spacelike hypersurfaces in the lightcone (cf., [12] ). Now, we briefly review some properties of contact manifolds and Legendrian submanifolds. Let N be a (2n + 1)-dimensional smooth manifold and K be a tangent hyperplane field on N . Locally, such a field is defined as the field of zeros of a 1-form α. The tangent hyperplane field K is non-degenerate if α ∧ (dα) n = 0 at any point of N. We say that (N, K) is a contact manifold if K is a non-degenerate hyperplane field. In this case, K is called a contact structure and α is a contact form. Let φ : N −→ N be a diffeomorphism between contact manifolds (N, K) and (N , K ). We say that φ is a contact diffeomorphism if dφ(K) = K . Two contact manifolds (N, K) and (N , K ) are contact diffeomorphic if there exists a contact diffeomorphism
A smooth fiber bundle π : E −→ M is called a Legendrian fibration if its total space E is furnished with a contact structure and its fibers are Legendrian submanifolds. Let
For any z ∈ E, it is known that there is a local coordinate system (x, y, p) = (x 1 , . . . , x m , y, p 1 , . . . , p m ) around z such that π(x, y, p) = (x, y) and the contact structure is given by the 1-form
Throughout our study, we are interested in the following three double fibrations which have been given in [12, 13] .
. We remark that θ 
). In [13] , the following theorem has been shown: (4, 3) ) are contact manifolds such that π 1k and π[φ]
Theorem 2.1 Under the same notations as those of the previous paragraph, (∆
are Legendrian fibrations. Moreover, these contact manifolds are contact diffeomorphic to each other.
This theorem is a part of the assertions of Theorem 3.2 in [13] . Actually, we also have contact (1, 3) , (1, 4) , (2, 1) , (2, 3) , (2, 4) , (3, 1) , (3, 2) , (3, 4) , (4, 1) , (4, 2) , (4, 3) in [13] . We remark that S n 1 (sin
3 Slant geometry with respect to the φ-de Sitter duals
In this section, we establish a new extrinsic differential geometry on spacelike hypersurfaces in the lightcone with respect to the φ-de Sitter duals as an application of the extended mandala of Legendrian dualities. We call this geometry a φ-de Sitter flat geometry. It has been known that the induced metric on the lightcone is degenerate. So, we cannot apply ordinary submanifold theory of semi-Riemannian geometry. In this case, the ∆
is a spacelike embedding. In [12] , the Legendrian embedding L 4 has been used for the construction of the extrinsic differential geometry on the spacelike hypersurface M L + = X + (U ) in the lightcone. It has been shown that for any spacelike embedding
We also define the following two vector fields
Let us consider the contact manifold (∆
Let us also define a map
and an embedding
[φ](u) are parallel. However, we obtain the relations
We define a family of functions
Since X + is a spacelike embedding and X + (u) and X − (u) are linearly independent lightlike vectors,
is a basis of . Since
Since g ij is positive definite, we get
. Moreover, since we have sin
. Thus, the proof is completed. 2
Now, we study the extrinsic differential geometry of X + by using N d
[φ] like as the Gauss map of a hypersurface in Euclidean space. For our purpose, we have the following fundamental lemma: Proof. It has been proved in [12] 
Under the identification of U and M L + through the embedding X + , the derivative dX 
We call the linear transformations 
[φ] (p) and S − (p) have the common eigen vectors. As a result, we get a relation κ
, respectively. We also give the following definitions of the curvatures of
We also define the lightcone Gauss-Kronecker curvature and the lightcone mean curvature of M
Since X +u i (i = 1, ..., n − 1) are spacelike vectors, the induced Riemannian metric (the
We also define the φ-de Sitter second fundamental in-
, then we have the following relation: 
Proof. By Lemma 3.2, there exist real numbers Γ j i such that
By definition, we have
Hence, we get
This completes the proof of the φ-de Sitter Weingarten formula. 2
As a corollary of the above proposition, we obtain an explicit expression of the φ-de Sitter Gauss-Kronecker curvature by Riemannian metric and the φ-de Sitter second fundamental invariant.
Corollary 3.4 Under the same notations as in the above proposition, the φ-de Sitter GaussKronecker curvature is given by
.
Proof. By the φ-de Sitter Weingarten formula, the representation matrix of the φ-de Sitter shape operator with respect to the basis
It is obvious from this fact that
2
It has been given in [12] 
[φ](p) and S − (p) have the common eigenvectors, we say that a point u ∈ U or p = X + (u) is an umbilic point if it is a lightcone umbilic point which is equivalent to the condition S
Totally umbilic spacelike hypersurfaces have been classified in [12] by using the lightcone principal curvature. Here, we give a classification of totally umbilic spacelike hypersurfaces by using the φ-de Sitter principal curvature.
. Under this condition, we have the following classifications:
On the other hand, we can write that
It is obvious that c, c = sin
. Now, we can write the following classifications:
In this case, we also have c, c = sin
Here if φ = 0, then c, c = 0. And also if φ = 0, then c, c > 0. So, we get the following two classifications:
In this case, we obtain the following two classifications:
This completes the proof. 2
In the above classification, for the case κ
plays the similar roles with a hyperplane in Euclidean space. We call it a φ-de Sitter flat hyperquadric. We say that p = X + (u) is a lightcone parabolic point if K − (p) = 0 and a lightcone flat point if it is an umbilic point and K − (p) = 0 (cf., [12] ). We also say that On the other hand, we denote the Hessian matrix of the φ-de Sitter height function h Proof. By definition, we have h
This means that Hess
As a result, the first assertion follows from this formula. For the second assertion, by the φ-de Sitter Weingarten formula, p = X + (u 0 ) is an umbilic point if and only if there exists an orthogonal matrix A such that
Thus, p is a flat point (i.e., κ 
Then we can calculate that
and
As a consequence of Lemma 3.4 in [12] , we can define the hyperbolic shape operator of M
We also have the following expressions of the hyperbolic Gauss-Kronecker curvature and the de Sitter Gauss-Kronecker curvature as a corollary of Proposition 3.3.
Proposition 3.7 Under the same notations in Corollary 3.4, we have the following formulas:
Proof. Since
Hence, it follows that
If we use the following relations
then we obtain the formula (2) by the similar calculations to the case (1). 2 
, we can write that
Because of the relations X − , X +um = X + , X +um = 0, it is obvious that
Moreover, since
. By exactly the same calculations like as the case of the
On the other hand, we have
Furthermore, we obtain that
Now, we can give the following corollary:
Corollary 3.9 Under the same assumption as the above proposition, we have
Now, we stick to the case n = 3. First of all, we need to make some local calculations. Let
is an open region and consider the Riemannian curvature tensor
and the tensor R αβγδ = g α R βγδ . In [12] , it has been shown that
As a consequence of the above arguments, the following proposition has been given in [12] : 
It is obvious that
and κ
By using these two relations, we obtain the following equations:
Eventually, we have the following "Theorema Egregium":
The following relation holds:
Proof. By definition and the above equations given in (2), we get
Therefore, we have 2H
On the other hand, we obtain
It follows that
So, by Proposition 3.10, we get
This completes the proof. 
which is an extrinsic invariant for any φ ∈ 0, π 2 .
The φ-de Sitter dual as a wave front
In order to investigate the φ-de Sitter dual of a spacelike hypersurface in the lightcone as a wave front set, we give a quick review on the Legendrian singularity theory due to Arnol'dZakalyukin [1, 20] . 
is non-singular, where (q,
. In this case, we have a smooth (n − 1)-dimensional submanifold germ
and a map germ
which is a Legendrian immersion germ. Then we have the following fundamental theorem of Arnol'd-Zakalyukin [1, 20] . We call F a generating family of L F (Σ * (F )). Consequently, the wave front is
Proposition 4.1 All Legendrian submanifold germs in P T
We also denote that D F = W (L F ) and call it the discriminant set of F. 
Let us consider a point
is induced by the canonical projection. We consider the projective cotangent bundle π :
φ) with the canonical contact structure. By using the above coordinate system, we have a trivialization as follows:
On the other hand, we define the mapping Proof. We consider the local coordinate neighborhood
where X + (u) = (x 0 (u), . . . , x n (u) ). We define a mapping
Let us show that det
. .
Then we obtain
On the other hand, we have 
If we adopt the other local coordinates, we obtain the similar calculations to the above. This completes the proof.
2
We have the following theorem: 
φ. By Proposition 3.1, we get
where 
Contact with φ-de Sitter flat hyperquadrics
In this section, we consider the contact of spacelike hypersurfaces in the lightcone with φ-de Sitter flat hyperquadrics. For our purpose, we briefly review the theory of contact due to Montaldi [18] . Let X i and Y i (i = 1, 2) be submanifolds of R 
Now, we consider a function H
By Proposition 3.1, we also have the following relations for i = 1, . . . , n − 1 :
This means that the φ-de Sitter flat hyperquadric 
We remark that the A-equivalence preserve the singularities of the both map-germs. In order to understand the geometric meanings of the A-equivalence among the φ-de Sitter dual germs, we need the theory of Legendrian equivalence [1, 20, 21] 
be Legendrian immersion germs. Then we say that i and i are Legendrian equivalent if there exists a contact diffeomorphism germ H :
at a point is said to be Legendrian stable if for every map with the given germ there is a neighbourhood in the space of Legendrian immersions (in the Whitney C ∞ topology) and a neighbourhood of the original point such that each Legendrian immersion belonging to the first neighbourhood has a point in the second neighbourhood at which its germ is Legendrian equivalent to the original germ.
Since the Legendrian lift i : (L, p) ⊂ (P T * R n , p) is uniquely determined on the regular part of the wave front W (i), we have the following simple but significant property of Legendrian immersion germs [21] :
p ) be Legendrian immersion germs such that the representatives of both of the germs are proper mappings and the regular sets of the projections π • i and π • i are dense. Then i and i are Legendrian equivalent if and only if wave front sets W (i) and W (i ) are diffeomorphic as set germs.
The assumption in the above proposition is a generic condition for i and i . Specially, if i and i are Legendrian stable, then these satisfy the assumption.
We can interpret the Legendrian equivalence by using the notion of generating families. We consider the unique maximal ideal 0) be function germs. We say that F and G are P -Kequivalent if there exists a diffeomorphism germ Ψ :
where
(See [17] ). The main result in Arnol'd-Zakalyukin's theory [1, 20] is the following: 
On the other hand, if we denote that (h 
are Legendrian stable. Then the following conditions are equivalent:
Proof. By the previous arguments (mainly from Theorem 5.1), it has been already shown that conditions (5) and (6) 6 Slant geometry with respect to the φ-hyperbolic duals
In this section, we establish another new extrinsic differential geometry on spacelike hypersurfaces in the lightcone with respect to the φ-hyperbolic duals as an application of the extended mandala of Legendrian dualities. We call this geometry a φ-hyperbolic flat geometry. The results are analogous to those of the previous sections. So, from now on, we omit almost all of the proofs except some special cases for the assertions. We consider the contact manifold (∆ 
. By exactly the same reason as the previous sections, L 42 [φ] is a Legendrian embedding, so that
We call the geometry related to the Legendrian duals N We define a family of functions
Since X − is a spacelike embedding and X − (u) and X + (u) are linearly independent lightlike vectors,
Now, we study the extrinsic differential geometry of X − by using N h
[φ] like as the Gauss map of a hypersurface in Euclidean space. For our purpose, we have the following fundamental lemma: dN
We call the linear transformations S 
We also define the lightcone Gauss-Kronecker curvature and the lightcone mean curvature
Since X −u i (i = 1, ..., n − 1) are spacelike vectors, the induced Riemannian metric (the
We also define the φ-hyperbolic second fundamental
, then we have the following relation:
Proposition 6.3 Under the above notations, we have the following φ-hyperbolic Weingarten formula:
As a corollary of the above proposition, we obtain an explicit expression of the φ-hyperbolic Gauss-Kronecker curvature by Riemannian metric and the φ-hyperbolic second fundamental invariant.
Corollary 6.4 Under the same notations as in the above proposition, the φ-hyperbolic GaussKronecker curvature is given by
We say that a point
Here, we give a classification of totally umbilic spacelike hypersurfaces by using the φ-hyperbolic principal curvature.
. Under this condition, we have the following classification: 
so that Ψ − (42)1 is a contact diffeomorphism. Consequently, we have a Legendrian embedding
Trace S H (p); the hyperbolic mean curvature,
Trace S D (p); the de Sitter mean curvature.
We also have the following expressions of the hyperbolic Gauss-Kronecker curvature and the de Sitter Gauss-Kronecker curvature as a corollary of Proposition 6.3.
Proposition 6.7 Under the same notations in Corollary 6.4, we have the following formulas:
Using these two relations, we obtain the equations in (1). The equations in (2) also follow from the following relations 
Corollary 6.9 Under the same assumption as the above proposition, we have
Now, we stick to the case n = 3. Even if we change the hypersurface It is obvious that
, φ-hyperbolic principal curvatures of spacelike surface X − ) and κ Hi (respectively, κ Di ) (i = 1, 2) be hyperbolic (respectively, de Sitter) principal curvatures. Then we get the following relations:
Eventually, we have the following "Theorema Egregium": Theorem 6.10 The following relation holds:
So, by the same reason as in Proposition 3.10, we get
The φ-hyperbolic dual as a wave front
In this section, we naturally interpret the φ-hyperbolic dual of a spacelike hypersurface in the lightcone as a wave front set in the framework of contact geometry. We also need the theory of Legendrian singularities which has been reviewed in §4.
We We can also give the following theorem: 
Contact with φ-hyperbolic flat hyperquadrics
In this section, we consider the contact of spacelike hypersurfaces in the lightcone with φ-hyperbolic flat hyperquadrics. We also use the theory of contact due to Montaldi [18] . Now, we consider a function H 
